Abstract-In this article, we present a detailed study on the statistical properties of the channel capacity of vehicleto-vehicle (V2V) fading channels with equal gain combining (EGC). Assuming perfect channel state information (CSI) at the receiver, we have modeled the received signal envelope at the output of the equal gain (EG) combiner as a sum of double Rayleigh processes. These double Rayleigh processes are assumed to be independent but not necessarily identical processes. It is illustrated that the probability density function (PDF) of this sum process can efficiently be approximated using the gamma distribution. Furthermore, exploiting the properties of the gamma distribution, other statistical properties of the sum process are also evaluated. Thus, given the analytical approximations for the statistical properties of the received signal envelope at the output of the EG combiner, the theoretical results associated the statistics of the channel capacity just involves transformation of random variables. Here, simple and closed-form analytical approximations for the PDF, the cumulative distribution function (CDF), the level-crossing rate (LCR), and the average duration of fades (ADF) of the channel capacity are derived. The correctness of the theoretical results is validated by simulations. The presented results can be utilized to optimize the performance of spatial diversity receivers employed in the forthcoming V2V multipleinput multiple-output (MIMO) wireless communication systems.
I. INTRODUCTION
V2V wireless communications has recently gained a fair share of attention by researchers, standardization bodies, and industrial companies, since it offers many applications. These applications are targeted to reduce traffic accidents and to facilitate the flow of traffic [1] , [2] . The development of V2V communication systems requires the knowledge of the propagation channel characteristics. It is well-known that the multipath propagation channel in any mobile and wireless communication system can efficiently be described with the help of proper statistical models. For example, the Rayleigh distribution is considered to be a suitable distribution to model the fading channel under non-line-of-sight (NLOS) propagation conditions in classical cellular networks [3] - [5] , a Suzuki process represents a reasonable model for land mobile terrestrial channels [6] , [7] , and the generalized-K distribution is widely accepted in radar systems [8] , [9] . To model fading channels under NLOS propagation conditions in V2V communication systems, the double Rayleigh distribution is the appropriate choice (see, e.g., [10] , [11] and the references therein). Motivated by the applications of the double Rayleigh channel model, a generalized channel model referred to as the N * Nakagami channel model has been proposed in [12] .
Inter-vehicle communication can be considered as a kind of mobile-to-mobile (M2M) communication. In M2M communication systems both the source (transmitter) and the destination (receiver) are mobile stations. If the destination mobile station is equipped with K receive antennas, then the signals reaching the destination mobile station through K diversity branches can be combined in order to mitigate the adverse multipath fading effects. Among other diversity combining techniques [13] aiming to combat the undesirable fading effects, the spatial diversity combining is a well-studied topic in the field of wireless communications. Selection combining (SC) [14] , maximal ratio combining (MRC) [14] , and EGC [14] are to name a few such combining schemes that provide a spatial diversity gain. MRC has been proved to be the optimum scheme, while the suboptimal EGC scheme is more popular for its simplicity in implementation [14] . Studies pertaining to the statistical properties as well as the performance analysis of both EGC and MRC over Rayleigh, Rice, and Nakagami channels can be found in the literature, see, e.g., [15] - [20] . In a recent work [21] , the performance of digital modulation over double Nakagami-m fading channels with MRC diversity is investigated.
In addition to the knowledge about the propagation channel characteristics, a sound understanding of the channel capacity is also indispensable to meet the data rate requirements of future mobile communication systems. For this reason, researchers are currently devoting their time and efforts in investigating the various aspects of the channel capacity. A study on the capacity of Rayleigh and Rice channels with MRC diversity is presented in [22] - [24] . The authors of [25] have analyzed the statistical properties of the channel capacity of Rice fading channels with EGC and MRC. However, to the best of the authors' knowledge, the analysis of the statistical properties of the channel capacity of double Rayleigh fading channels with EGC in V2V communication systems is still an open problem that calls for further work.
This article analyzes the statistical properties of the channel capacity of double Rayleigh fading channels with EGC. The statistical quantities included in our study are the PDF, the CDF, the LCR, and the ADF of the channel capacity. The derived expression for the PDF of the channel capacity allows us to deduce the mean channel capacity and the capacity variance. To obtain an insight into the temporal variations of the channel capacity, an analysis of the LCR and the ADF of the channel capacity is inevitable [26] . We have derived simple and closed-form approximations for all these statistical quantities. The obtained approximate analytical results are compared with the exact simulation results that are considered to be the true results. This allows us to confirm the correctness and to study the accuracy of our approximate solution. Lastly, the influence of the number of diversity branches K on the statistical properties of the channel capacity of double Rayleigh fading channels with EGC has been investigated in detail.
The rest of the article is comprised of five parts. First, a brief review of EGC over double Rayleigh fading channels is given in Section II. In Section III, we discuss the statistical properties of EGC over double Rayleigh fading channels. Section IV deals with the derivation and analysis of the PDF, the CDF, the LCR, and the ADF of the channel capacity of double Rayleigh fading channels with EGC. In Section V, we compare the obtained analytical results with simulation results to validate the correctness of the theory. Finally, we conclude the article in Section VI.
II. EGC OVER DOUBLE RAYLEIGH FADING CHANNELS
The instantaneous signal-to-noise ratio (SNR) per symbol γ EGC (t) at the output of the EG combiner can be defined as [27] , [28] 
where E{·} is the expectation operator. The quantity γ s = E s /(K N 0 ) denotes the average received SNR where E s gives the energy (in joules) per symbol, K is the total number of diversity branches, and N 0 is the total noise power. The process Ξ (t) corresponds to the total received signal envelope at the output of the EG combiner and N (t) represents the total received noise, i.e.,
. . , K) refers to the additive white Gaussian noise (AWGN) in the kth diversity branch. The AWGN is a zeromean Gaussian process with variance N 0 /2.
Assuming perfect CSI at the destination mobile station, the received signal envelope Ξ (t) at the output of an EG combiner can be written as [14] 
where ς (k) (t) describes the fading process in the kth diversity branch between the source mobile station and the destination mobile station. We model the fading process ς (k) (t) as a zeromean complex double Gaussian process, i.e.,
represents a zero-mean complex circular Gaussian process having variance 2σ 2 μ (i) . These Gaussian processes μ (i) (t) are mutually independent, where each one is characterized by the classical Jakes Doppler power spectral density. The absolute value of ς (k) (t) is denoted by χ (k) (t) in (2), where each χ (k) (t) is a double Rayleigh process.
III. STATISTICAL ANALYSIS OF EGC OVER DOUBLE RAYLEIGH FADING CHANNELS
In order to conduct a statistical analysis of the channel capacity, the knowledge of the statistics of the channel itself is imperative. Thus, this section is devoted to briefly discuss the statistical properties of EGC over double Rayleigh fading channels.
In the previous section, we modeled the received signal envelope Ξ (t) at the output of the EG combiner as a sum of K independent but not necessarily identical double Rayleigh processes. Thus, the derivation of the PDF p Ξ (x) of Ξ (t) involves the computation of a K-dimensional convolution integral. This computation is however quite tedious but still simple as well as closed-form result is not obtained. Here, we follow an approximation approach based on the Laguerre series expansion [29] . The Laguerre series is known to provide a reasonably good approximation for PDFs that have single maximum and fast decaying tails. In addition, the Laguerre series is often used when the first term in the expansion gives a simple approximation of high accuracy [29] . We can thus start by expressing the PDF p Ξ (x) of Ξ (t) using the Laguerre series expansion as [29] 
where
represent the Laguerre polynomials. The coefficients b n can be computed as
where x = y/β L and Γ (·) is the gamma function [30] . By solving the system of equations in [29, p. 21] for b 1 = 0 and b 2 = 0, the parameters α L and β L can easily be obtained. The solution of the said system of equations results in
where κ Ξ 1 denotes the first cumulant (i.e., the mean value) of the stochastic process Ξ (t) and κ Ξ 2 is the second cumulant (i.e., the variance) of Ξ (t). Mathematically, κ Ξ 1 and κ Ξ 2 can be expressed as
(n = 1, 2) represents the nth cumulant associated with the double Rayleigh process χ (k) (t). The first two cumulants of χ (k) (t) can be given as [31] 
, it is not difficult to compute κ Ξ n in (8a,b). In addition, given κ Ξ n , the required quantities α L and β L can be found with the help of (7a,b). After substituting α L and β L in the Laguerre series expansion, the first term of the series turns out to be the gamma distribution p Γ (x) [29] . This allows us to approximate the PDF p Ξ (x) of Ξ (t) as
The PDF p Ξ 2 (x) of the squared received signal envelope Ξ 2 (t) at the output of the EG combiner can be obtained by a simple transformation of the random variables [32, p. 244] as follows:
will be used in the following section for computing the PDF of the channel capacity.
The derivation of the analytical expression for the LCR of a stochastic process involves the evaluation of the joint PDF of that process and its time derivative at the same time t. Thus, similar to the approximation of the PDF p Ξ (x) of Ξ (t), here the joint PDF p ΞΞ (x,ẋ) of Ξ (t) andΞ (t) 1 is approximated by the joint PDF p ΓΓ (x,ẋ) of a gamma process and its corresponding time derivative at the same time t. Numerical investigations have shown that p ΞΞ (r,ẋ) ≈
, where
for x ≥ 0 and |ẋ| < ∞. Furthermore, for the isotropic scattering conditions, the quantity β equals 2π
[33], [34] . Here, f Smax and f Dmax correspond to the maximum Doppler frequencies caused by the motion of the source mobile station and the destination mobile station, respectively.
1 Throughout this paper, the overdot represents the time derivative.
Finally, making use of the joint PDF p ΞΞ (x,ẋ) and applying the concept of transformation of random variables [32, p. 244 ] allows us to express the joint PDF p Ξ 2Ξ2 (x,ẋ) as
for x ≥ 0 and |ẋ| < ∞. In (13), p Ξ 2Ξ2 (x,ẋ) represents the joint PDF of the squared received envelope Ξ 2 (t) and its corresponding time derivativeΞ 2 (t) at the same time t. The joint PDF p Ξ 2Ξ2 (x,ẋ) will be utilized in the derivation of the LCR of the channel capacity in the next section.
IV. STATISTICAL ANALYSIS OF THE CHANNEL CAPACITY OF DOUBLE RAYLEIGH FADING CHANNELS WITH EGC
In this section, we present a statistical analysis of the channel capacity of double Rayleigh fading channels with EGC. The statistical quantities studied here include the PDF, the CDF, the LCR, and the ADF of the channel capacity.
The instantaneous channel capacity C (t) of double Rayleigh fading channels with EGC is defined as
where γ EGC (t) introduced in (1) is the instantaneous SNR per symbol. Equation (14) illustrates the mapping of the instantaneous SNR γ EGC (t) on the channel capacity C (t). This mapping makes it possible to derive the analytical expressions for the statistical properties of the channel capacity C (t) with the help of those associated with γ EGC (t).
We start the statistical analysis of the channel capacity C (t) by deriving an expression for the PDF p C (r) of C (t). However, in order to proceed with this derivation, we require the PDF p γEGC (z) of γ EGC (t). The PDF p γEGC (z) can be obtained using the relation p γEGC (z) = (1/γ s ) p Ξ 2 (z/γ s ), where p Ξ 2 (z) is presented in (11) . Using the concept of transformation of random variables [32, p. 244] , the PDF p C (r) of C (t) can be expressed in closed form as
The probability that the channel capacity C (t) remains below a certain threshold level r defines the CDF F C (r) of C (t) [32] . Substituting (15) 
results in the following approximation
The LCR N C (r) of C (t) describes the average number of times the channel capacity C (t) crosses a certain threshold level r from up to down (or from down to up) per second. Mathematically, the LCR N C (r) of C (t) can be expressed as [35] 
where p CĊ (r,ż) is the joint PDF of the stochastic process C (t) and its corresponding time derivativeĊ (t) at the same time t. Here, we first need to find the joint PDF p γEGCγEGC (z,ż) of γ EGC (t) andγ EGC (t) at the same time t. The joint PDF p γEGCγEGC (z,ż) can be found using the relation p γEGCγEGC (z,ż) = (1/γ s ) 2 p Ξ 2Ξ2 (z/γ s ,ż/γ s ) along with (13) . Thus, given the joint PDF p γEGCγEGC (z,ż) and using the concept of transformation of random variables [32, p. 244] , the joint PDF p CĊ (r,ż) can be expressed as
Finally, substituting (18) in (17) and solving the integral overż using [30, Eq. (3.326-2)] leads to a closed-form approximation for the LCR N C (r) of C (t) in the form
The ADF T C (r) of the channel capacity C (t) is the expected value of the time intervals over which C (t) remains below a certain threshold level r. The ADF T C (r) of C (t) can be computed by evaluating the ratio of the CDF F C (r) and the LCR N C (r) of C (t) [14] , i.e.,
Thus, the substitution of (16) and (19) in (20) results in an approximation for the ADF T C (r) of C (t).
V. NUMERICAL RESULTS
This section illustrates the important theoretical results by evaluating the expressions in (10), (15), (16), (19) , and (20) . The correctness of the approximations is then validated by simulations. Here, the simulation results are considered as the true results. A sum-of-sinusoids (SOS) channel simulator [36] has been employed to obtain the simulation results. Meaning thereby, the SOS concept has been exploited to simulate the uncorrelated Gaussian noise processes making up the received signal envelope at the output of the EG combiner. The model parameters of the channel simulator are computed by utilizing the generalized method of exact Doppler spread (GMEDS 1 ) [37] . Each Gaussian process μ (i) (t) was simulated using
l is the number of sinusoids required to simulate the inphase (l = 1) and quadrature components (l = 2) of μ (i) (t). It is required that the simulated distribution of μ (i) (t) 2 closely approximates the Rayleigh distribution for all i = 1, 2, . . . , 2K. Furthermore, it has been shown in [36] that any value of N (i) l ≥ 7 (l = 1, 2) serves this purpose. Thus, our selection of N (i) l = 14 for i = 1, 2, . . . , 2K and l = 1, 2 provides us with the waveforms having the desired distribution. The maximum Doppler frequencies caused by the motion of the source mobile station and the destination mobile station, denoted by f Smax and f Dmax , respectively, were selected as 154 Hz and 273 Hz. The variances σ 2 μ (i) were set to unity ∀ i = 1, 2, . . . , 2K unless stated otherwise. In addition, the analysis of the statistical properties of the channel capacity C (t) is carried out for an SNR E s /N 0 of 15 dB.
The results presented in Figs. 1-5 show a good fitting of the approximated analytical and the exact simulation results considered as the true results. Figure 1 illustrates the theoretical results of the PDF p Ξ (x) of Ξ (t) described by the approximation in (10) as well as the simulation results obtained by evaluating the statistics of the waveforms generated by using the SOS-based channel simulator. This figure shows the influence of the number of diversity branches K on the behavior of the PDF p Ξ (x). It can be observed that as the number of diversity branches K increases, the mean value and the variance of the stochastic process Ξ (t) increases. Furthermore, for K = 1, the PDF p Ξ (x) of Ξ (t) reduces to the double Rayleigh distribution. This result confirms the validity of the approximation in (10). The closed-form approximate expression of the PDF p C (r) of the channel capacity C (t) given in (15) is presented in Fig. 2 along with the simulation results. A close agreement can be seen between the approximate solution and the exact (simulation) results. Figure 2 also compares the PDF p C (r) of C (t) for a different number of diversity branches K. It is obvious that increasing K, increases the mean channel capacity, whereas the variance of C (t) decreases. Similarly, in Fig. 3 , the theoretical results of the CDF F C (r) of C (t) described by the approximation in (16) are illustrated. The LCR N C (r) of the channel capacity C (t) described by the closed-form approximate expression in (19) is evaluated together with the exact (simulation) results in Fig. 4 . This figure depicts the LCR N C (r) of C (t) for a different number of diversity branches K. Studying the graphs shows that increasing the value of K results in a drastic decrease in the LCR N C (r) at low signal levels r. The LCR N C (r) at higher signal levels r is however the same for all values of K. Furthermore, a very good fitting of the approximate solution and the exact simulation results can be witnessed for any number of diversity branches K > 1. Figure 5 displays the ADF T C (r) of the channel capacity C (t) given in (20) for a different number of diversity branches K. For the purpose of validation of the obtained approximate solution, the exact (simulation) results are also plotted in Fig. 5 . The presented results reveal the fact that the ADF T C (r) of C (t) decreases with the increase in the number of diversity branches K. 
The LCR N C (r) of the channel capacity C (t) of the double Rayleigh fading channels with EGC for a different number K of diversity branches. 
VI. CONCLUSION
In this article, we present a thorough analysis of the statistical properties of the channel capacity of double Rayleigh fading channels with EGC. A V2V communication system is considered here, where the destination mobile station is equipped with K receive antennas. The signal reaching the destination mobile station through K diversity branches is then combined using EGC. Simple and closed-form analytical approximations for the PDF, the CDF, the LCR, and the ADF of the channel capacity of double Rayleigh fading channels with EGC have been derived. We have modeled the received signal envelope at the output of the EG combiner as a sum of K independent but not necessarily identical double Rayleigh processes. With the help of the Laguerre series expansion, the PDF of this sum process can be approximated by the gamma distribution. Furthermore, making use of the properties of the gamma distribution, other statistical properties of the sum process can also be evaluated. Once the analytical expressions for the statistical properties of the received signal envelope at the output of the EG combiner are obtained, the computation of the theoretical results associated with the statistics of the channel capacity can be performed using the concept of transformation of random variables. The correctness of the approximate theoretical results are then validated by simulations. We have presented the results demonstrating the influence of the number of diversity branches K on the PDF, the CDF, the LCR, and the ADF of the channel capacity of double Rayleigh fading channels with EGC. It has been shown that the mean channel capacity increases and the capacity variance decreases with an increase in the number of diversity branches K. In addition, at low signal levels r, the LCR of the channel capacity decreases as the value of K increases. The LCR however remains the same at high signal levels r for all values of K. A decrease in the ADF of the channel capacity can be observed if the number of diversity branches K increases. The results presented in this article can be utilized to optimize the spatial diversity receivers employed in the future V2V MIMO communication systems.
